BNC Mathematics Sem - IV (Fourier series)

Problem:
Represent a function f(x) by a trigonometrical series of the form
% + Yr—1(a,coxnx + b, sinnx) —— —(1)

Orthogonality formulae of integral:
l.ffn sinnxdx = ffn sinmx cosnx dx = 0 since sinnx & sinmx cosnx are odd function

00n>0

2n,n =0
(

2. ffn cosnxdx = { since sinnmt = 0 for any integer n

Om#*n
3. ffn sinmx sinnxdx =<m, m=n>0
00 m=n=20
\f O0m+*n
4, ffn cosmx cosnxdx =< n,m=n>0
\27'[,771 =n=20
where ay,{a,}, {b,,} are fourier coef ficients




Where a, :lfn f(x)dx
1™ "
an=—f f(x) cosnx dx

TJ)_n

And b,, = %ffnf(x)sinnx dx

We have to find these coefficients for a function f(x) which satisfies Dirichlet’s
conditions.

Now Dirichlet’s conditions:

f(x)satisfies Dirichlet’s conditions if fgx) is bounded, periodic, integrable in [-

1, | and piecewise monotone. if (x)=x? it is bounded, periodic, integrable and
f'(x) = 2x whichis > 0in (0,7) and < 0in (—m,0) - o

f Ex s monotone increasing in (0, m) and monotone decreasing in (—m,0) -
f(x)satisfies diriclet’s conditions in |—m, m].now find fourier coef ficients



Fourier series and Fourier constants:

Let f(x) can be represented by a series % + Y1 (a,coxnx + b, sinnx) —— —(1)
and the series (1) converges uniformlytof(x) on -t <x <n

Then we have f(x) = % + Ym=1(a,coxnx + b, sinnx) —— —(2)

Since the series (1) converges uniformly on —1 <x<mto f(x)

f Fx)dx =2 j dx + zmn j coxnx dx + by, j sinnx dx) —— —(3)

—TT

f f(x)dx =— X 21 since f coxnx dx = f_n sinnx dx = 0 by P1 &P2.

= Jf(x)dx

IVIuItipIy (2) by coskx for integer k = 1 it remains u—ly convergent in—-n<x<m

f f(x)coskxdx =— f coskxdx + Z (a, f coskxcoxnx dx + b, j coskxsinnx dx)

[ A —TT

- f_nf(x)coskxdx =may by properties P1,P2,P4 . aj = — f_nf(x) coskxdx



Similarly multiplying (2) by sinkx for integer k = 1 b;, = %ffnf(x)sinkxdx

series (1) is known as Fourier sooeries corresponding to f(x) and is denoted by
a
f(x)~70 + z (a,coxnx + bysinnx) —— —(2)
n=1

and ay, {a,,}, {b,,}are known as Fourier constants.
Dirichlet’s conditions:

A function f(x)is said to satisfy Dirichlet’s conditions on an interval
—TT < 1 in which it is defined when it subjected to one of the following cond.
1. f(x) is bounded periodic with period 2m and integrableon —m < x <7

And the val can be divided into a finite no. of open partial interval in each of
which f (x)is monotonic { or f(x)is bounded periodic with period 2m and

Integrable on —r < x <  and piecewise monotonic on [—, |}



2. f(x)has a finite number of points of infinite discontinuties in the interval. When
arbitrary small neighbourhoods of these points are excluded, f(x) is bounded in the
remainder of the interval, and this can be broken up into a finite number of open partial
intervals in each of which f(x) is monotonic.

Convergence

When f(x)satisfies Dirichlet'scor = mson—m < T
The Fourier series correspondingto f(.  werges to f(x)
at any pointon — — ~ x < —wk -~ f(s**~ continuous.

And converges to % {f(x+0)+ f(x —0) when there i< a ordinary di<~ontinity at x

In partic "aratx @ ~—da” = —mit coverges to%{f(—n +0)+ f(m—0)
when f(—m + 0) & f(mr — 0) exists.
Where f(m + 0) = lin}rof(x) i.e right hand limitof f(x)atx ==

X—TT



Ex1: Verify that f (x) = x? satisfies Dirichlet's conditions on [—m, 7).
Show that the Fourier series corresponding to x*

-y < .n2+42 1ncosan o tht1+1-|-1_|_ _nz
ON—TSXSTIS o (—1) 7 -Hence deduce tha 2 33 =—
g=1
21 1+1 m
22 32 12

Soln.: f(x) = x? is bounded & integrable on —r < x < m, since it is continuous on|—m, 7]
f'(x)=2x>00n0<x <mi.e. f(x)is monotone increasingon0 < x <m

<0on —m<x<O0i.e. f(x)is motonic decreasingon —m < x <0

Therefore f(x) is piecewise monotone on[—m, w]. Hence f(x) = x? satisfies Dirichlet’s
conditiong on [—m, ]. Algo f(x) = x? is an even function of x.

_1f (0)d _Zf 2 _ 2m?
ao—n f(x x—ﬂ x“dx = 3
[ 0
_1\k
a, = %ffnf(x)coskxdx = %f;xzcoskx dx =%coskn = 4(k21) (integrating by parts)

b == [" f(x)sinkxdx==[" xZsinkx dx = 0 since x*sinkx is an odd function of x.
TTY—TT TY—1T



ncosnx

Therefore Fourier series corresponding to f(x) = x2 is — + 45> (D"

ncosnx

i.e. f(x) = x? ~—+4Zn (=D .

Since f(x)satisfies Dirichlet's condltlons and continuous on |—m, ]

ncosnx

Therefore f(x) = x? = —+4Zn (=D on —nt<x<m———(1)
1 1 12
atx 0from(1)0 = —+4{ 1+——3—2——1—}=;1—2—2+3—2—————E
T
E{f(—n+0)+f(n—0)}=n =?+4{1+22+32+———}
1 1 [
‘il —t—t ———=—
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